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Introduction 

> : 

■ In [O.R], it is defined the twistor spaces of a Hermitian manifold. Let 
^ ! X be an n-dimensional Hermitian manifold and = 0, . . . , n. The k-th 
y—i \ twistor space Zk{X) of X is defined as a fiber bundle over X with fiber 
O ■ Gk,n- The almost complex structure of Zk{X) defined in [O.R] seems 

■ somewhat technical. In this paper, another definition of the twistor 
! space Zk{X) is given. It is defined as an almost complex submanifold 

of the Riemannian twistor space Z{X) by using the irreducible decom- 
position of the spin module A as a U' {n)-module. ( U'(n) is the double 
^ ■ covering group of U(n).) 

rS ' fc=o 

I In the case of Riemannian manifolds, the twistor correspondence of 

the spin complex ( Dirac operator ) is given in [M]. In the Hermitian 
case, it can be also defined a twistor correspondence of the twisted 
Dolbeault complex: 

^ K'/^ ® A°'° ^ K'/' ® A°'i A... A K'l'' ® A°'" ^ 0. 

Let H be the hyperplane bundle over Zk{X) defined by pulling back 
the hyperplane bundle over Z{X). We assume the integrability of the 
almost complex structure of Zk{X). An element of the cohomology 
group H^'^'"'^^\Z k{X) ^ 0{H^'^^^)) determines a k-th. harmonic form of 
the twisted Dolbeault complex. (Theorem |1 . 1| ) 

The main theme of this paper is to give the inverse correspondence 
explicitly in the case X = C". (Definition |3.2| and Theorem That 
is, to determine an element of H''^'^~''\Zk(X), 0{H^^^^)) from a A;-th 
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harmonic form of the (twisted) Dolbeault complex. It is expected to 
extend this result to general Hermitian manifolds. 

Let us explain briefly the contents of this paper. In §1, we define 
twistor spaces of a Hermitian manifold by using the definition of the 
twistor space of a Riemannian manifold in [I]. In §2, we describe the 
twistor spaces of C" explicitly. In §3, we define the inverse twistor 
correspondence and prove the main theorem. 



1. The twistor spaces of a Hermitian manifold 

By a Hermitian manifold X, we mean a Riemannian manifold with a 
compatible almost complex structure. In this section we define twistor 
spaces Zk{X),k = 0, . . . ,n of X as submanifolds of the Riemannian 
twistor space Z{X) defined as a submanifold of the projectivized spinor 
bundle P(A(X)) ([I]). 

Let A be a spin module: 

A = (e,|7<(l,...,n))c 

where I < (1,... ,n) means that 7 is a subsequence of (1,... ,n). 

For convenience, we regard multi-indices I, J, . . . as finite sequences 
of possibly duplicate elements of {1,... ,n}, and denote by IJ the 
composition of sequences 7 and J. Let us define relations among Oj's 
as: 

diji = -Ojii, for i ^ j. 

Then, for any multi-index 7, there is a unique subsequence 7o of (1, . . . ,n) 
such that: 

ei = ej,, or ei = -ej,. 

Let |7| denote the length of the reduced sequence 7o, and i e 7 means 
that the number i exists in the sequence Iq. 

With this notation, we define an action of M^" — {ci \ i — 1, . . . , 2n)^ 
to the spin module A as follows. For i — 1, . . . ,n, 

CiOi — Oil 

Teu, if i ^ 7 

^6ii, if i e 7 

By the definition of the Clifford algebra, this action can be extended to 
a CLIF(M2")-action to A. Since 5pin (2n) is a subspace of CLIF(M2")^ 
we have a spin (2n)-action on A. (See [I] for details.) 



THE TWISTOR CORRESPONDENCE OF THE DOLBEAULT COMPLEX OVER C3 

We identify M^" with C" by the complex structure defined by the 
matrix: 

J = 




Then we have an inclusion u (n) C so(2n) = spin (2n). The irreducible 
decomposition of A as a u (n)-module is given by: 

n 

A = 0A^ 

A:=0 

A^' = {Oi I |/| = k)c. 
Let C" denote the vector representation of u(n), then we have: 

The group U'{n) corresponding to this representation is given by the 
following diagram: 

^ Z2 ^ PIN(2n) 0{2n) 

II u u 

^ Z2 ^ U'(n) ^ U(n) 0. 

Let Z denote the PIN(2n)-orbit of [^^0] G P(A), which is a complex 
submanifold of P(A). We define the submanifolds Z^, k = 0, . . . ,n of 
Zhj 

Zk = znP(A^). 

This coincides with the U'(n)-orbit of [6i...k] G P(A'^), hence by ( p,.l|) , 
Zk is considered to be a Grassmannian manifold Gk,n- By the definition 
of Zk, we have a diagram: 

Z P(A) 

T T (1.2) 

Zk ^ P(A*^) 

The upper (lower) horizontal array is a PIN(2n)- (U'(n)-) equivariant 
mapping. We define the hyperplane bundle H over Zk by pulling back 
the hyperplane bundle over Z (or equivalently P(A'^)) . 

Let X be a Hermitian manifold with spin structure: the structure 
group of X is U'(n). Let P denote the principal bundle of X. Then we 
define the k-th twistor space and the hyperplane bundle on it as: 

Zk{X) = P Xu'(„) Zk 
H = P Xu'(„) H. 



By (1^), Zk{X) is a subbundle of Z{X), and since Zk is a complex 
submanifold of Z, it is also an almost complex submanifold. This 
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almost complex structure on Zj.{X) is integrable if the metric of X 
is Bochner flat ([O.R]). In this case, the hyperplane bundle can be 
considered as a holomorphic line bundle. 

Now we can define the twistor correspondence. Let X be a Hermit- 
ian manifold with spin structure and assume that the almost complex 
structure of Zfc(X) is integrable. By Serre duality and (|1.1|), we define: 

T : H^^''-^\Zk{X),0{H-''~^)) (X, |J H^^''-^\Zk{X)^,0{H""^))\ 

\ x&x (li) 

Theorem 1.1. An image ofT is a k-th harmonic form of the twisted 
Dolheault complex on X : 

(1.4) 

Proof. It is proved in the same way as in [H] and [M]. □ 

The main result of this paper is to give an explicit description of the 
inverse of the above correspondence in the case X = C". 

2. Twistor spaces of C" 

The Riemannian twistor space of M^" is given in [I] §8. Using that 
result, we give an explicit description of the twistor spaces of C". 
Let A' be a spin module of SPIN(2n + 2): 

A'=(0, |/<(0,l,...,n))c. (2.1) 

The twistor space of the 2?7,-dimensional sphere is identified with the 
orbit Z' of the [6^0] G P(A') under the action of PIN(2n + 2). Since 
stereographic projection defines the conformal embedding M^" C S"^", 
Z'(M^") is an open submanifold of Z{S'^^). Let {Z^) be the homogeneous 
coordinates with respect to {9i). Then, we have: 

Z(M2") = {(Z^)/<(o,...,n) G I 3/ < (1, . . . ,n) such that Z^ ^ 0}. 

Since the spin bundle of M^*^ is trivial, we have 

Z(M^'^) ~ X Z. (2.2) 

Since a translation of M^" is a conformal transformation, it defines a 
holomorphic transformation of Z(M^"), which is representable by an 
element of SPIN(2n + 2;C). Let t = ( ) be an element of 

M^". Then the corresponding element of SPIN(2n + 2; C) is: 

a{t) = l + ^{x^ei + - ■ ■+a;"e„+x"+^e„+2 + - ■ ■+x^"e2„+i)(v^eo+e„+i). 
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As an element of Z', a point on the fiber over G M^" is written as 
J2i^o Z^Oi- Hence its image by the transformation a{t) is: 



a{t) J2 z'ej = z'Oj + z'^eooi + v^E z^'eooi- 

where = + yf—lx"^^^ is the complex coordinate of t. It follows 
that the projection map to the second component of ( |2.2|) is given by: 

P2 : Z(M2") ^ z 

{Z^)l<{0,...,n) ^ (^^)/<(l,...,n)- 

Hence we have: 

Zk{C") = {{Z^) e Z(M2") \Z^ = for all J < (1, ... , n) such that \I\ ^ 
Furthermore, the coordinate transformation of ( |2.2| ) is 

ZO-^ = I E Z^^e + E Z'^I^ I , for ^ J. (2.3) 

Hence the horizontal (l,0)-forms of ZklC"') is given by the following 
proposition. 

Propisition 2.1. Horizontal {l,0)-forms on Zfe(C") ~ x at 
(^) X (Z^) is spanned by 

J2Z^^W, \J\=k-l, 

Y^z^'^e, \j\ = k + i. 

Proof. A point z of the space Zk represents a complex structure of M^". 
Let us compare it with the original one corresponding to the point Zq = 
[6(1,] G Z. For convenience, we call (1, 0)2-forms the (1, 0)-forms with 
respect to the complex structure corresponding to z. Put zi = 6(i2...k)- 
Then (1, 0)2^-forms are spanned by d^^, . . . , d^^, d^'^^^, . . . , d^". This 
mean that the complexified form uj is of type (1, 0)^^ if and only if the 
both (l,0)2Q-part and (0, l)2o-part of u are of type (1,0)2-^. Hence the 
proposition follows immediately from (|2.3| ). □ 

3. Main Theorem 

By restricting the SO(2n)-action on Z, we have a U(n)-action on Z^. 
This action can be complexified and we have a GL(n; C)-action on Zk- 
This action defines a C-linear mapping: 

.F:0[(n;C)^r(Z,,e), 



6 YOSHINARI INOUE 

where is the holomorphic tangent bundle on Z^., which is considered 
to be the (1, 0)-part of the complexified tangent bundle TZk^C With 
respect to Lie algebra structures, we have: 

HM)--[Ho),m]- (3-1) 

Let {E^i) denote a standard basis of q{ (n; C). We define a vector field 
T^i to be: 

We define operators acting on the differential forms on Zfc(C"): 

Dp^J2Lz^i^b) ext{de), 

where ext and i denote the exterior and inner multiplication, and L 
denotes the Lie derivative. 

Let F be a power series defined as: 

oo k 

This function and its derivatives play an important role by the following 
property. 

Lemma 3.1. Let I be a non-negative integer. We have an equality 
xF^^+^\x) + + l)F^'+^\x) - = 0. 

Let 7\^''("~'^) denote the line subbundlc of A°'^('*~'^)Zfc(C"') spanned 
by vertical forms. If we identify with H by the standard Hermitian 
metric, we have 

since we have tV^'^^""'^) ~ if On the other hand, we have an iso- 
morphism r{Zk,0{H)) ~ Hence we have a natural map: 

Definition 3.2. We define an operator: 

A: r(C", AO'*^) ^ r(Zfc(C"),AO'*^("-*^) ® 

a ^ A;!(n- A;)!FW(D^)F("-'=)(D«)j(a). 

Now we can state the main theorem. 
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Theorem 3.3. Let f be a twisted {0, k)-for'm on C". Then A{f) is 
d-closed if and only if f is a harmonic form with respect to the twisted 
Dolheault complex ( |1.4| ). The restriction of A to the space of harmonic 
forms is the inverse correspondence ofT of (1.3) 

With respect to the standard complex structure of C", we have a 
decomposition of the complexified horizontal cotangent bundle: 

A], ® C = Ai^'°) © 
By this decomposition, we define two projections as follows: 

1 7 = «, 

7 = /3. 



■ ^ "I A (0.1) 



Let 7 be a or We define: 



d^ = 71^ o d. 



Lemma 3.4. 1. Let 'j be a or (3, and put = [d,D^]. Then, we 
have 

Ea = — ext(dE'^)Lj^L a . 



Ef3 = L—LY^ext{d^^ 

95" 



2. Let f be a power series and 'y be a or (3, then 

[rf, f{D,)] = f\D,)E, - f"{D,)D,d,. 

3. Put r = [Ep,Da\. Then, we have 



r = ext{dC)i{J^''h) ext{di^)L^L— + L—i{r''b)L^ ext{dC A rf^^), 

[EpJ{D^)] = f\D^)T. 

Proof. (1) and (3) are proved by simple computation. 
(2) It suffices to prove 

[d, D^;] = nU^^-^E^ -in- l)nD';-^d^, 

which can be proved by induction on n by using the formula: 

[E^,D^] = -2D^d^. (3.2) 

By (1), we have: 



= - ext^di" A rfr)z([J^^, r^d\)L^L^ 

aib aid 



Since, by (|3.1|), we have: 



r n^c 1 ea '77c ec 

[J- bi-r d\ — <J^J- b — O^J- 
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hence we have shown ( |3.2| ) when 7 = 0;. The case 7 = /? can be proved 
in a similar way. □ 



By Lemma and Lemma |3.4| , we have: 

dF^^\Dp)F^^-^\D^) =F^''\Dp)F^^-^\D^){d - - dp) 

+ F^^\Dp)F^^-^+^\D^){E^ + {n-k + 
+ F('=+i)(D^)F("'^)(Z},){E^ + {k + l)dp} 

Since j{f) is harmonic in the vertical direction, 

F^^\Dp)F^^-^\D^){d -d^- dp)j{f) = 0, 

and by Lemma |3!^ @, if / is harmonic, we have 

Tj{f) = modulo (l,0)-forms. 

To compute the action of Ea and Ep, we have to take local coordi- 
nates of Zfc. Let J be a subsequence of (1, ... , n) of length k. Then 

are local coordinates of Uj = {(Z"^) G | 7^ 0}. Put 
z-^ = Z-^/Z^ for J< (1,... ,n). 

Lemma 3.5. The vector field T^'h is written in the local coordinates 
as: 

d 



■ r dWii 

Let 5 be a function: 

^, , 1 1, if a is true, 
d{a) = < 

10, otherwise. 

The following lemma is a translation of the Pliicker relation. 

Lemma 3.6. 1. We fix a multi-index I and local coordinates Wij as 
above. 

dz'^ _ i-z'^-^ ifi^J, j E J, 
dwij 1 otherwize. 

2. Let J, K be multi-indices of length \ J\ = k -\- 1, \K\ = k — 1. 

J2 z^-^Z"^ = 

aeJ\K 
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3. Let J, K he multi-indices of length \J\ = \K\ — k. 
jeJ\K 

Proof. (1) It is obvious if | J \ 7| < 1. If | J \ 7| > 2, let e 7 \ J, 
jk <^ J\I, k = 1, 2, be numbers such that ii ^ i2, ji ^ ji- Then, by [I] 
Corollary 3.3, we have 

^Jili2jlj2 ^ 

Hence we complete the proof by induction. 

(2) This follows by induction on \ J\K\ by using (1). 

(3) We prove the case in which a^h. Put 

z'^^-'z^^^ 

jeJ\K 

= ^ ^iaj^ifex _ 2S[a e J \ K)Z^Z^''^ - 25{b e J \ K)Z"'^'^Z^. 
jeJ\K 

Since 

P={J\K)\{aJ\ bK) = 6{aeJ\ K)a U5{beJ\ K)b, 
M ={aJ\ bK) \ {J\K) = S{a ^ JU K)a U 6{b e J H K)b, 
we have: 

_ ^ ^jaJ ^jbK _|_ ^jaJ ^jbK _ ^ ^jaj ^jbK _ ^ ^jaJ ^jbK 
j£aJ\bK j€P jeM jeP 

jePuM 

= -5{a ^ K)Z''Z^''^ + 5{a ^ J)Z^''^ Z^ . 
The case in which a — b can be proved in the same way. □ 

Lemma 3.7. Let I he a subsequence of {1, . . . ,n) and be the image 
ofKeid^' by j. 



L^y = -{k + - 5{a i I)s^^^ - (n + 1) E 

JBa ^ (3.3) 



^abj 



Ly^/ = {n-k+ l)6^^s' + 6{b e 7)5^^^^ + (n + 1) ^ ^^^^ 

J^b (3.4) 



where 

|2 



J ^ 
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Proof. Let Wij be the local coordinates as above. Let be the image 
of the standard trivialization of H over C" x Uj by the isomorphism 
H ~ H^^. Let be the standard trivialization of Ay*^*'" over 
C" X f/j. Then 

= ® K. 

First, we compute: 



^ ^^^^ — — p^ [By Lemma 3.5] 

iei" 



E E [By Lemma ^ (1)] 



2^ail 2^biJ 



E E [By Lemma (3)] 



(E (^(a ^ I)z^^^)p^ [By Lemma [Sj (3)] 



By changing indices we have: 



^ , V -K - Sia ^ I)z^-^ - '^y. for (3.3) 
' + 5 (& e I)z^'^ + E ^)/, for (3.4) (3.5) 

Second, we compute: 

Ly^dUJ-j = dJ^\{wij) = {-6lz^ + 5fW)dw-j + ■ • • 

Hence: 



iei 



= {-{n - k)6{b e I)z^b^ + k6{a ^ I)z^^^}K^. 
By changing indices we have: 



\{{n- k)6l + n6{a ^ I)zb^^}K^, for (3.3), 

Li^K^ — 



{-k6t - n6{h G I)z^''^}K^, for (3.4). g) 

Hence, by ( p.5| ) and (|3.6|), we complete the proof. □ 
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The next lemma follows immediately from Proposition |2]l| and Lemma 
Lemma 3.8. Let fjs^ be an image of A. Then we have 



{Ef, + {k+ l)d^}fjs^ = - E T=de A s>"^\ 

dfj 



where = denotes the equivalence modulo {l,0)-forms. 



This lemma shows that the coefficient of d^^s^ ( d^'^s^ ) in A{f) is 
equal to the coefficient of s''^ ( s"-^ ) in the image of the Dirac operator. 
Therefore, we complete the proof of the theorem. 
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